We call the digraph D an m-coloured digraph if the arcs of D are coloured with m colours and all of them are used. A directed path is called monochromatic if all of its arcs are coloured alike. A set N of vertices of D is called a kernel by monochromatic paths if for every pair of vertices there is no monochromatic path between them and for every vertex v in V (D) \ N there is a monochromatic path from v to some vertex in N . We denote by A + (u) the set of arcs of D that have u as the initial endpoint.
Introduction.
For general concepts we refer the reader to [1] . A kernel N of a digraph D is an independent set of vertices of D such that for every w ∈ V (D) \ N there exists an arc from w to N (i.e. In this paper is proved that if T is an m-coloured bipartite tournament with m ≥ 3 such that for every vertex u of T , A + (u) is monochromatic (all of its elements have the same colour) and T contains no (1, 1, 2) subdivision of C 3 and every T 4 contained in T is at most 2-coloured. Then T has a kernel by monochromatic paths.
We will need the following results: Lemma 1.1 Every uv-monochromatic walk in a digraph contains a uv-monochromatic path. [12] Let D be a bipartite tournament, if C = (u 0 , u 1 , ..., u n ) is a directed walk in D then for i ∈ {0, 1, ..., n} and j ∈ {0, 1, ..., n}, (u i , u j ) ∈ F (D) or (u j , u i ) ∈ F (D) if and only if j − i ≡ 1 (mod 2).
Lemma 1.2 (H. Galeana-Sánchez and R. Rojas-Monroy)

Theorem 1.3 (Sands, Sauer and Woodrow) [25] Let D be an 2-coloured digraph, then D has a kernel by monochromatic paths.
Let α = (x 0 , x 1 , ..., x n ) be a path, we will denote by ℓ(α) the length of α, and we will denote by (x i , α, x j ) the path (x i , x i+1 , ..., x j ).
Semikernels modulo i by monochromatic paths.
An important concept in the study of the existence of kernels in digraphs has been semikernel that was given by V. Neumann-Lara in 1971 [22] . In this section we defined semikernel modulo i by monochromatic paths for an m-coloured digraph. This concept is a generalization of semikernel and will be useful to prove Theorem 3.1, our main result. Proof: Let i ∈ {1, ..., m} and z 0 ∈ V (D) such that A + (u) is coloured i, clearly {z 0 } is a semikernel modulo i by monochromatic paths.
Let i ∈ {1, ..., m} and Γ i = {S | S is a non empty semikernel mod i by monochromatic paths of D}. Notice that Γ i = ∅ by Theorem 2.2.
We define a partial order in Γ i as follows:
such that one the following properties is satisfies:
2. There exists a x 1 x 2 -monochromatic path coloured i and there exists no x 2 x 1 -monochromatic path coloured i.
We will denote x 1 i −→ x 2 if there exists an x 1 x 2 -monochromatic path coloured i, and x 2 i −→ x 1 if there is no monochromatic path coloured i.
Theorem 2.4 Γ i is a partially ordered set by ≤.
Proof: 1. S ≤ S for every S ∈ Γ i is immediate.
We will prove S 1 ⊆ S 2 . Let x 1 ∈ S 1 , we have S 1 ≤ S 2 then there exists x 2 ∈ S 2 such that
Then we have the following cases i. Let
contradicting that S 1 is independent by monochromatic paths.
Thus (b) is not possible.
The proof of S 2 ⊆ S 1 is similar.
−→ x 1 . We consider two possible cases.
(a) If x 1 = x 2 . Since S 2 ≤ S 3 then there exists x 3 ∈ S 3 such that x 2 = x 3 or x 2 i −→ x 3 and x 3 i −→ x 2 . Then we have:
We have the next cases:
We will prove x 3 i −→ x 1 . By contradiction, we assume there exists x 3 i −→ x 1 and we have
Since D is a finite digraph, we claim that (Γ i , ≤) has maximal elements.
The main result.
Now we show sufficient conditions for an m-coloured bipartite tournament has a kernel by monochromatic paths. If | V (T ) |≤ 3, T has at most 2 arcs and T can not be 3-coloured, so by Theorem 1.3 T has a kernel by monochromatic paths.
If | V (T ) |= 4, suppose that V (T ) = {u, v, w, x} w.l.o.g. suppose that (X, Y ) is a bipartition of T and, we have the next cases:
Case I. X = {u}, Y = {v, w, x}.
I.a. |A + (u)| ≥ 2, it contradicts the 3-coloring.
i. |A + (u)| = 0, in this case N = {u} is a kernel by monochromatic paths.
ii. |A + (u)| = 1, in this case N = {v, w, x} is a kernel by monochromatic paths of T .
Case II. X = {u, v}, Y = {w, x}.
In this case, N = {u, v} is a kernel by monochromatic paths (we are using 3 colours).
, analogous at the case (2.c).
ii. |A + (x)| = 1 = |A + (w)| is not possible, T contains no (1,1,2) subdivision of C 3 , and we suppose that m ≥ 3 then there is no monochromatic paths of length greater or equal than 1. Thus T has a kernel by monochromatic paths, let N = {u, v}. Now, let T be an m-coloured bipartite tournament with | V (T ) |= n, n ≥ 5. By contradiction. We assume that T has no kernel by monochromatic paths. From Theorem 2.2 we know that T has a non empty semikernel modulo i by monochromatic paths. Let S be a maximal element of (Γ i , ≤). Then S is not a kernel by monochromatic paths of T . Let X 0 = {x ∈ V (T ) \ S | there is no xS-monochromatic path }. Since X 0 = ∅ we have that T [X 0 ] is a proper induced subdigraph of T . And by inductive hypothesis T [X 0 ] has a kernel by monochromatic paths we call N 0 . Let B = {x ∈ S | there is no xN 0 -monochromatic path coloured i in T }. Then we have the following assertions:
1.1. First we will prove B ∪ N 0 is independent by monochromatic paths. We have that:
1.1.1. B is independent by monochromatic paths, B ⊆ S. 1.1.2. N 0 is independent by monochromatic paths in T . We observe that N 0 is independent by monochromatic paths in T [X 0 ]. We proceed by contradiction. We assume that there exists {x, y} ⊆ N 0 such that there exists a xy-monochromatic path in T , we call it α. Then we have that:
contradicting that S is independent by monochromatic paths in D[X 0 ]), and (ii) V (α) ∩ S = ∅ (otherwise we have an X 0 S-monochromatic path, contradiction to the definition of X 0 .
and we can suppose that z / ∈ S for (ii). Thus exists a zS-monochromatic path we call it γ. Since z ∈ V (α) ∩ V (γ) and A + (z) is monochromatic we have that α and γ have the same colour. Then (x, α, z) ∪ γ is a walk and by Theorem 1.1 it contains a xS-monochromatic path, contradicting x ∈ N 0 ⊆ X 0 . Thus N 0 is independent by monochromatic paths in T . 1.1.3. There is no BN 0 -monochromatic paths. We assume that there exists v ∈ B and u ∈ N 0 such that there is a vu-monochromatic path, we call it α, and α is coloured distinct of i because v ∈ B. Since S ∈ Γ i , S is a non empty semikernel by monochromatic paths modulo i, then by definition of S exists a uS-monochromatic path in T , contradicting u ∈ N 0 ⊆ X 0 . 1.1.4. There is no N 0 B-monochromatic paths. It is immediately from B ⊆ S, N 0 ⊆ X 0 and definition of X 0 .
Thus B ∪ N 0 is independent by monochromatic paths.
such that there exists a wz-monochromatic path coloured distinct of i, with w ∈ B ∪N 0 . We will prove that there exists a z(B ∪N 0 )-monochromatic path. Since N 0 is a kernel by monochromatic paths of
Now we proceed by contradiction. We assume that there is no z(B∪N 0 )-monochromatic path in T . Let α be a wz-monochromatic path coloured j, with j = i, we may assume j = 2, α = (w = x 0 , x 1 , ..., x n−1 , z). We have the following cases:
Since w ∈ B ⊆ S and S ∈ Γ i then there exists a zsmonochromatic path in T with s ∈ S, we call it α ′ , let α ′ = (z, y 1 , y 2 , ..., y m−1 , s). Thus s ∈ S \ B, {w, s} ⊆ S and S is independent by monochromatic paths, then α and α ′ have distinct colour, we may assume that α ′ is coloured b = 2. Since s ∈ S \ B and the definition of B implies that for some u ∈ N 0 there exists a su-monochromatic path coloured i, we call it α ′′ let α ′′ = (s, z 1 , z 2 , ..., z ℓ = u).
′′ is a zu-walk, by Theorem 1.1 it contains a zu-monochromatic path with u ∈ N 0 . Thus there exists a z(B ∪ N 0 )-monochromatic path, a contradiction. We may assume that b = i, we remember that b = i, b = 2, and i = 2 we may assume that b = 3.
is a path of length 3, Lemma 1.2 implies
, contradicting the hypothesis. So we will assume (z 1 , x n−1 ) ∈ A(T ), now we consider two possible cases:
In this case (z 1 , x n−1 ) is coloured i thus {x n−1 , z, s, z 1 } induces a (1,1,2) subdivision of C 3 , a contradiction. Case 1.1.2. ℓ(α ′′ ) = 1. In this case z 1 = u. If (u, x n−1 ) is coloured i or 2, then {u, x n−1 , z, s} is a (1,1,2 ) subdivision of C 3 , a contradiction. We may as-sume (u, x n−1 ) is coloured c, with c = 2 and c = i. And we analyze the following cases: Case 1.1.2.1. ℓ(α) ≥ 2. We have (x n−2 , x n−1 , z, s) is a path of length 3 and Lemma 1.2 implies that x n−2 and s are adjacent. If (x n−2 , s) ∈ A(T ) then it is coloured 2, so {x n−2 , s, u, x n−1 } induces a 3-coloured T 4 , a contradiction. Then we may assume (s, x n−2 ) ∈ A(D) then it is coloured i and {s, x n−2 , x n−1 , z} induces a (1,1,2 ) subdivision of C 3 a contradiction. Case 1.1.2.2. ℓ(α) = 1. In this case (w, z, s, u) is a wu-path of length 3, by Lemma 1.2 u and w are adjacent. The definition of X 0 implies (u, w) / ∈ A(D), so (w, u) ∈ A(D). Then {w, z, s, u} induces a 3-coloured T 4 , a contradiction. Case 1.2 ℓ(α ′ ) > 1. We have that S is an independent set and {w, s} ⊆ S then w and s are not adjacent in T . Since T is a bipartite tournament then w and y m−1 are adjacent. If (y m−1 , w) ∈ A(T ), then it is coloured 3, so (z, α ′ , y m−1 ) ∪ (y m−1 , w) is a zw-monochromatic path, a contradiction. We may assume that (w, y m−1 ) ∈ A(T ) and we have that it is coloured 2. Now, (w, y m−1 , s, z 1 ) is a path of length 3, by Lemma 1.2 we have that w and z 1 are adjacent. If (w, z 1 ) ∈ A(T ) then it is coloured 2, then {w, y m−1 , s, z 1 } induces a 3-coloured T 4 , a contradiction. We may assume that (z 1 , w) ∈ A(T ).
Hence {w, y m−1 , s, z 1 , w} induces a (1,1,2) subdivision of C 3 , a contradiction. If ℓ(α ′′ ) = 1, then z 1 = u and (u, w) ∈ A(T ), and we have a contradiction with the definition of X 0 . If (w, u) ∈ A(T ) is coloured 2, then {w, y m−1 , s, u} induces a 3-coloured T 4 , a contradiction. We conclude that case 1 is not possible. Case 2. Suppose that w ∈ N 0 .
If z ∈ X 0 , since N 0 is kernel by monochromatic paths of T [X 0 ], then there exists a zN 0 -monochromatic path, a contradiction. Assume that z / ∈ X 0 . Then there is a zs-monochromatic path α ′ , for some s ∈ S. Let α ′ = (z, y 1 , y 2 , ..., y m−1 , s). If s ∈ B we have done. Assume that s / ∈ B. The definition of B implies that there is a sx-path α ′′ coloured i, for some x ∈ N 0 . Let α ′′ = (s, z 1 , z 2 , ..., z ℓ = x). If α ′ is coloured 2, then α ∪ α ′ is a ws-monochromatic walk and Theorem 1.1 implies that it contains a ws-monochromatic path, but this is a contradiction with the definition of X 0 . We may assume that α ′ is not coloured 2. If α ′ is coloured i then α ′ ∪ α ′′ contains a zx-monochromatic path with x ∈ N 0 ⊂ B ∪ N 0 , a contradiction. Assume that α ′ is coloured 3, with 3 = 2 and 3 = i. Since T is a bipartite tournament then w and s are adjacent or y m−1 and w are adjacent, thus we have the following cases. Case 2.1. Suppose that w and s are adjacent. Since w ∈ N 0 ⊆ X 0 , then the definition of X 0 implies that (s, w) ∈ A(T ). Hence (s, w) is coloured i. Now, Let u ∈ S, we will prove that there exists v ∈ B ∪ N 0 such that u = v or there is a uv-monochromatic path coloured i and there is no a vu-monochromatic path coloured i.
If u ∈ B, we have done. Assume that u ∈ S \ B then there is a uv-monochromatic path coloured i, for some v ∈ N 0 and the definition of X 0 implies that there is not a vumonochromatic path coloured i.
Then S < B ∪ N 0 contradicting of maximality of S in (Γ i , ≤).
We conclude that T has a kernel by monochromatic paths.
